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Abstract--A model of the development of a helmlnth population in a snail host is considered. 
The model simulates the conditions of a real biological experiment. It is based on the equations 
of nonlinear age-dependent population dynamics and is investigated numerically using a difference 
scheme method. An interesting oscillatory behavior dependence on certain parameters is established 
if the nonlinearity incorporates the population umber of a given age group. 
1. INTRODUCTION 
Within the last 20 years, significant progress has been made in the study of host-parasite pop- 
ulation relationships through mathematical models (see reviews by Anderson and May [1], May 
and Anderson [2], Fedorov [3], Anderson [4]). 
All the fundamental work on parasite cology has been developed so far on the basis of "tra- 
ditional" concepts in parasitology, according to which significant attention has been paid to the 
vertebrate host as the endpoint of parasite life-cycles and object of infectious diseases. However, 
there is already evidence that macroparasites, in particular trematodes, viewed as members of 
natural communities, have more complex and significant ecological relationships with populations 
of invertebrates than generally believed [5,6]. 
Molluscs are always (with very rare exceptions) the first intermediate hosts of trematodes, 
which on their part are able to reproduce in these hosts. The relationships between trematodes 
and molluscs are evolutionary older than their relationships with higher vertebrates. The latter, 
although obligatory hosts for most trematodes, have entered their life-cycles mainly as effective 
disseminators [7]. 
In a recent paper, Lauckner [6] suggested that the ecological capacity of larval trematodes in 
littoral marine communities i much higher than usually believed, ranging from modification of 
invertebrate host populations and induction of changes in community structure up to interference 
with major energy-flow pathways and with predator-prey s stems. 
The considerations thus presented suggest hat the population dynamics and community ecol- 
ogy of trematode larval stages could be approached as an independent and specific topic not only 
of parasitology but also of ecology. 
Some general aspects of the ecological relationships between molluscs and trematodes have 
been studied long ago. Still, little is known about the quantitative functional relations between 
the basic variables in the dynamics of trematodes in snail populations. Recent contributions on 
this topic using mathematical models concerned only the prevalence of trematode infection in 
snails [8-10]. Anderson [11] suggested that the dynamics of parasites multiplying within their 
host can be described by a general immigration-birth-death model which predicts regulated 
growth to a steady state only if the death rate is greater than the birth rate. However, the 
biological assumptions which this model takes into account are far from real when trematode 
intramolluscan stages are concerned. 
This work has been completed with the fmancial support of tile Ministry for Culture, Science, and Education 
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In this paper we present a mathematical model, based on more realistic biological assumptions~ 
for the dynamics of a trematode developing in a snail host. We consider the individual system 
consisting of a trematode species population developing in one specimen of its molluscan host 
species as the basic unit at which the relationships tudied are manifested. The knowledge 
of trematode dynamics at this level is essential for the understanding of the process at higher 
(population, community) levels. 
The paper is organized as follows: Section 2 deals with some biological background concerning 
the intramolluscan trematode development. In Section 3, results are presented of our experimental 
work on the dynamics of two helminth species in a host snail species after exposure to only one 
miracidium. In Section 4 we present he notations and derive the mathematical model. Section 5 
is devoted to the presentation of the results of a large number of numerical experiments carried 
out with the model. In Section 6 we offer some discussion on the obtained numerical results. 
2. SOME B IOLOGICAL  BACKGROUND 
There are two types of intramolluscan trematode larval stages generally distinguished: sporo- 
cysts and rediae. It has been traditionally believed that the sporocyst and redial type of de- 
velopment are different [12]. Until recently only two generations were described in trematodes 
with sporocyst ype of development. In trematodes developing through rediae more than two 
generations were observed [13]. During the last years experimental evidence has been presented 
according to which there is no principal difference between both developmental types. It was 
shown that both sporoeysts and rediae are able to reproduce genetically unlimitedly in the snail 
giving besides cercariae further daughter generations of sporocysts (rediae) [13-22]. The gen- 
erations of sporocysts and rediae differ also within themselves biologically and sometimes mor- 
phologically (review by Ginetzinskaya [12]). Usually the penetrating miracidium develops into a 
mother sporoeyst hat gives birth only to daughter sporocysts or rediae. The latter are able to 
reproduce giving further daughter generations as well as cercariae. The daughter generations of 
sporocysts and rediae, and the cercariae, usually develop in a definite sequence [23-25]. 
The proved ability of unlimited reproduction of sporocysts and rediae in the snail indicates the 
existence of some factor limiting their number. Usually intraspecific ompetition is thought o 
be that factor. There are some data supporting this suggestion [26-29]. 
Formalizing the available data we assume that a trematode develops in a molluscan host un- 
dergoing three physiologically different stages. The first is the establishmental stage (usually a 
mother sporoeyst, mother rediae, or both), which, once established in the host, feeds on it and 
is able to start reproducing after a period of maturation, giving a generation only of the second, 
proliferative stage. The proliferative stage (represented by daughter sporoeysts or rediae) also 
feeds on the host and reproduces to give successive generations of the third, propagative stage, 
or of the same, proliferative stage. The propagative stage (cercariae) is physiologically inactive; 
it is unable to reproduce and usually leaves the host. 
The establishmental stage (ES) and the proliferative stage (PS) are thought o have age and 
density dependent fecundity and mortality. The propagative stage (PrS) is characterized only 
by age dependent emigration out of the host. 
3. T I lE  B IOLOGICAL  EXPERIMENTS 
We designed a special set of experiments to investigate the long-term population dynamics of 
two trematode species (Fasciola hepatica L. and Paramphistomum daubneyi Dinnik, 1962) in 
their snail host (Lymnaea truncatula Muller). 
Only laboratory-reared, free-of-invasion s ails with 3-ram shell height were used. Miracidia of 
P. hepatica nd P. daubneyi were obtained from eggs incubated at 28°C for 11 days. Each snail 
was put together with only one miracidium of one of the studied trematode species in individual 
dishes with 3 ml of boiled water. Snails and miracidia were kept in contact for 4 hours. Prior to 
investigation the snails were kept in petri dishes on algae at temperature 20°C and 70% humidity 
in an enviromnental chamber KPW-I. 
The infected snails were studied at intervals ranging from 1 to 4 days, starting from the 10th 
day post invasion (p.i.), until the 80th day (in the ease of F. hepatica) and the 120th day (for 
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P. daubneyi). Each time 3 to 5 snails of equal size were dissected and all the rediae found in 
them were counted under a dissecting microscope. 
The mean redial number dynamics of F. hepatica nd P. daubneyi in the snail are plotted in 
Figures 1 and 2 respectively. Both plots have some obviously common features. The number 
of rediae is zero until approximately the 10th day p.i., which is the term when the ES of both 
trematode species tart to reproduce. In the case of P. daubneyi the ES is represented by the 
mother sporocyst while in the case of F. hepatica we assume the ES to be the mother ediae, 
although a mother sporocyst is also present. According to Czapski [30] the mother sporocyst of 
F. hepatica gives birth to only one mother edia, which was also confirmed in our experiment. 
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Figure 1. Mean redial number dynamics of F.hepatica in monorniracidial invasion. 
Until about he 25th-27th day p.i., the number of daughter rediae (the PS) increases seemingly 
exponentially due to the reproductive activity of the ES. There is a slowdown between this last 
moment and approximately the 30th day p.i. (better demonstrated onFigure 2) probably because 
the reproductive potentiality of the ES is exhausted and the PS have not yet started to give new 
generations ofPS. Finally, after the 30th day, the redial dynamics of both species hows a sort of 
an oscillatory behavior. Looking at Figure 1 one could conclude that the oscillations are around 
some mean saturation level. Figure 2, which is a plot of P. daubneyi redial dynamics for a longer 
period of time, suggests that the oscillations diverge (at least for a finite period of time). 
Originally we considered the oscillations imply as stochastic deviations from the mean due 
to the variability of the individual trematode-snail re ationships, tIowever, the similarity of the 
two plots (though referring to different rematode species) and the even more striking similarity 
of the periods between the oscillations in either of the two plots suggest he existence of some 
deterministic reason for this kind of behavior. 
4. THE MATIiEMATICAL MODEL 
4.1. Some General Considerations 
In this work we shall consider a continuous population model of the above described biological 
experiments aiming to describe the intramolluscan trematode dynamics qualitatively. 
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We noted in the introduction that the fecundity and mortality of all three developmental stages 
are thought o be age-dependent. In a simpler case we can neglect he age-dependence. However, 
in such a model we cannot expect oscillations in the PS density dynamics. More definitely, if e 
and p are the densities of the ES and PS respectively, then under the conditions of the biological 
experiment: 
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Figure 2. Mean redJa| number dynamics of P.daubneyi in monomiracidia/invasion. 
10 
e(t) = 1, t E [O,T] and O otherwise 
d_..pp = o,e(t) + ~(p)p - ~(p)p 
dt 
p(O) = 0 
where/~(p) > 0 and 8(p) > 0 are the density dependent fecundity and mortality functions, a > 0 
is the rate of the generation of PS  from ES. The solution p is always nonnegative. 
For t > T: 
= p[fl(p) -- 6(p)] 
which is a generalized form of a logistic equation. 
It is trivial to show that p(t) is either increasing or decreasing for t > T, i.e., there are no 
oscillations. 
Those considerations, as well as the biological data, support the choice of an age-dependent 
model. 
On the other hand, as trematodes develop in a limited environment (a snail individual), their 
vital parameters (birth and death rates) should be also density-dependent. The question arises 
if all intramolluscan trematode developmental stages we recognized are equally important in 
creating a density-dependent feed-back mechanism. As was stated in the introduction, the ES 
and the PS are physiologically active, while the PrS  (cercariae) are physiologically inactive and 
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leave the host. That is why we neglect he influence of PrS density on the parameters of the 
trematode population. 
Choosing an age- and density-dependent continuous model still does not guarantee the existence 
of oscillatory solutions. Little is known in this aspect about the solution of such equations. 
The known results on periodic or oscillatory solutions refer to the basic equation of Gurtin and 
MacCamy [31]: 
Ou Ou 
O-"a + -~ = -d(a,  P)u, 
u(o, t) = b(a, P)u(. ,  t) da, 
u(a, t) = ¢(a) ,  
P(t) = u(a,t) da (4.1) 
where u(a, t) is the density of a population at time t and age a, d and b are the death and birth 
moduli, ¢ is the initial age distribution, and P is the total population density. 
The same authors [32] conjectured that if d(a, P) - d(P), b(a, P) - b(P) exp(-aa), a > 0, then 
(4.1) has no periodic solutions. This conjecture was rejected by STick [33]. Further, Yuan [34] 
showed that periodic solutions can exist also if d(a, P) = d(P) and b(a, P) -- b(P)a exp(-aa). 
Cushing [35] proved the existence of time-periodic solutions of equation (4.1) if d and b depend 
periodically on time. STick [33] showed the existence of periodic solutions of (4.1) in the case 
when the birth and death rates depend also on time and if 
u(O, t) = t3(a, P(t - r), t - r)u(a, t - r) da 
where r is a delay parameter. 
It is quite unrealistic that the death modules hould be age-independent, so we are not going 
to use this as well as the results of Swick [33] and Yuan [34] in our model. We also intend 
not to investigate a model with time dependence of the birth and death moduli in this work. 
Our purpose is to investigate numerically the possibility of constructing a model of trematode 
intramolluscan development with age- and density-dependent bir h and death moduli such that 
the total population of one of the variables (the PS total population density) should have an 
oscillatory behavior. 
4.P. Notations 
Let E(a,t), F(a,t),  G(a,t) denote the density of the ES, PS, and PrS at age a and time 
t respectively. Under the conditions of the above described experiment E(t,t)  = 1, for t E 
[0, TE] and 0 otherwise. Here TE is a mean upper limit of the life-span of a trematode at the 
establishmental stage. 
Let dF denote the death modulus of the PS. The individuals of the PrS leave the host at a 
certain maturity age Tx. They are considered immortal while occupying the host. 
Let bEE and bFF be the birth moduli of the rates at which the ES and PS give birth to 
individuals of the PS. Let bFa be the birth modulus of the rate at which the PS gives birth to 
individuals of the PrS. Schematically the biological experiment described in Section 2 can be 
represented by: 
l ., 
1 individual -- PS = PrS 
of ES be F ~ -~ b m 
bFF 
Now, let P~(t) = fo  ~(a,t)da, for ~ -- F, G, be the total population umbers of PS, PrS at 
time t. 
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Introduce also 
Qe(~l ,~2; t )  = ~(a,t)aa, for ~ -- F,a 
1 
- - the population umber of individuals of PS and PrS being of ages between ~rl and a~ at time 
t. 
Having in mind the above considerations and notations, we can write that 
dF -- dr(a, PF), 
b,7 = b,7(a, PF), for ~ = EF, FF, FG 
Let OF and TF be the lower and upper age limits between which the individuals of PS are 
able to give birth to new individuals (of PS and PrS),  i.e. such that bF(a, PF) is nonzero only if 
a E [OF, TF]. 
4.3. The Model Formulation 
The model then has the following representation: 
1, t E [0,TE] 
E(t,t) = 0, otherwise 
OF OF 
O""a "q- -~  ----- -dr(a, PF ) F 
F(O,O = bEF(a, Pr)E(t,t) + bFF(a, Pr)F(a,Oaa 
F(a, O) = 0 
OG OG 
o---g + -g/- = o 
Z a(o, t) = bFG (a, PF)F(a, t)da 
a(a, O) = 0 (4.2) 
The density of the individuals at PrS  leaving the host at time t is G(T1, t). 
Remark  4.1. As the equation for F does not depend on G, it has a form, very close to that of 
the Gurtin-MacCamy equation (4.1). Particularly for t > TE it is exactly an equation of that 
type: 
o_P + o_P _ -dr(a, &)P  
Oa Ot 
P(o, t) = ~'FF (a, T'F)P(a, Ode 
P(a, O) = F(a, TE) (4.3) 
where ~'(a,¢) = F(a,t + TE), P(¢) = P(t + TE) = f~ F(a,t + TE)da. 
Therefore the interesting numerical results we obtained for the solutions of (4.2) and present 
here are in fact valid for the Gurtin-MacCamy equation. 
4.4. Determination of the Birth and Death Moduli 
In our numerical simulations we chose separable in age and density death and birth moduli, 
i.e., 
dr(a, P) = d~(a).d~( P) 
b. (a, P) 1 2 -bo(a).bu(P), 7}--EF, FF, FG 
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We chose b~(P) to be a decreasing function presuming that high population densities of the 
parasite in the host have a negative influence on its reproductivity. 
For the same reasons we assumed that d~(P)  is an increasing function. More definitely, we 
carried out the simulations with 
b~(P) = [ l /n7 - 11(~, + 77.exp( -OTP) ) ]¢7  
d2F(P) = df/[~¢ + (1 - ~) exp( -OP) ]  
where fiT, %, (97, ¢7, 6, ,: < 1, O are positive constants. Obviously at P ---* cx), b~ ---* 0 and dr 
saturates at Poo = 6/1¢. 
As each trematode stage in the beginning of its life undergoes a certain maturation period 
during which it does not reproduce, and after which its reproductivity increases with age until 
the end of the reproductive period rT, b, are assumed to have the form 
S 0, 7" 7 _< a < w 7 bl(a) 
t (a - wT)XT, otherwise 
r] = EF, FF, FG 
The dependence of the death modulus on age is a concave function, growing infinitely at TF 
(TF equals the maximum life-span of the PS):  
dlF(a) ---- ~/(TF - -  a) -t- pl(a -'b o') 
where if, p, ~ are positive constants. 
4.5. Variants of the Model 
The model (4.2) has been numerically solved for different parameter values in the following 
variants: 
A. Some of the functions f17 or dr  are considered independent of the density PF while the rest 
are dependent on PF. 
B. The dependence on PF of the birth and death moduli is intensified by varying the parameters 
O and (97, r I = EF, FF, FG. 
C. The birth and death rates may be considered ependent on QF(@l,(r2;t) instead of PF, 
i.e. a certain age group of the PS population may be vitally more active than the rest, thus 
influencing the dynamics of the whole population. 
5. NUMERICAL  S IMULAT IONS OF THE MODEL 
The system of equations (4.2) was solved numerically using a difference scheme method. The 
method is convergent for systems of hyperbolic differential-integral equations with nonconsistent 
initial and boundary data and piecewise continuous right-hand sides [37]. The computations were 
done using a FORTRAN code with double precision. Some of the parameters of the model are 
known (the life spans TE, T~, and 7"1, the maturation periods wT); others we determined from 
known quantities (the mean number of offspring during the life span of each stage). A third part 
was arbitrarily chosen and varied. 
We designed and carried out three sets of numerical experiments corresponding to the three 
variants described in Section 4.5. Here we shall describe some of them, representing the main 
types of dynamic behavior of the total PS  population density. 
A. Varying the presence or absence of density dependence in the vital rates. 
In this set of numerical experiments all O 7 = 1 and O = 1. The first plot on Figure 3 (Exp. 1) 
is the result of a basic experiment compared to the others in the same set (and in the same figure). 
The parameter values are common for all the simulations in this set and are given in Table 1. All 
the birth rates are age- and density-dependent. Plotted is PF(t), the total population density of 
the PS.  The plot has some of the characteristic features of the real experimental p ots discussed 
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Figure 3. Plots of the total PS  population PF(t) against ime (in decades of days). 
in Section 2: it is zero in the ES maturation period and has a quick exponential-like growth after 
it. Some small amplitude oscillations appear and consequently vanish as PF is stabilized. 
The second plot (Exp. 2) differs from the first one only in b 2 which is taken to be independent EF~ 
of PF : b~F = 1. The plot is qualitatively quite similar to the first one. It could be concluded 
that the dependence of the ES birth rate on PF is of minor importance. This is in fact obvious, 
as PF has a very small value during the life span of the single ES individual. 
The third plot is of a simulation in which b2FF = 1. The plot has an appearance very closely 
resembling a single exponent. One can expect an infinite growth in this case as the restrictive 
influence of PF on the birth rates is absent in this example. Still it appears very strange that 
PF(t) in this rather arbitrarily chosen example should be of the form PF(t) = e ~t. 
In this case one can recall the well-known property of the McKendrick model that is a linear 
Gurt in-MacCamy-type model: d(a, P) = d(a), b(a, P) = b(a). 
It is well known that the McKendrick equation 
Ou Ou 
c~'-'~ + -~ = -d(a)u (5.1) 
u(O,t) = b(a)u(a,t)da 
~(a, 0) = ¢(a) 
has a solution u(a,t) = ¢(0).exp[A(t - a) - fo  d(s)ds] where A is the root of the equation: 
/0 // b(a). exp(-Aa - d(s)ds)da = 1 
(see f.e. [36]). 
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Table 1. Values of the parameters u ed in the simulation experiments. 
Parameter Number of the Experiment 
1-8 12-34 
O~F 1 1 
OFF 1 1 
OFG 1 1 
O 1 1 
WEF 1 1 
XEF 13 30.55 
/~EF 1 1 
7EF 20 20 
OJF F 1 1.3 
~FF 1 1 
XFF 3.54 1.8 
7FF  20 20 
WFG 1 1.3 
~rG 1 1 
Xra 1 1 
XFG 23.5 12.6 
7FG 20 20 
TFF = TFG 2.3 2.8 
TEF 2.5 2.5 
1 1 
p 1 0 
0.1 0.1 
1 1 
0.03 0.03 
TE 2.7 2 
TF 2.5 3.2 
In this case, 
P(t) = fo u( a, t )da =eonst. exp(At) 
which is similar to the result in Exp. 3. However, in the case considered in Exp. 3 the death 
modulus dF(a, P) is not density-independent, as it is in the McKendrick model. Therefore, that 
result cannot be applied to our case. 
The last experiment in this set (Exp. 4) is one for which all b, and dF are not dependent on 
density (dF = b, = 1). The plot has again the peculiar single exponential ppearance. 
B. UIntensified" and "weakened" density dependence 
In this set of experiments (Figure 4) the parameters O,, ~ = EF, FF, FG, and O were given 
values different from 1 while keeping all the others the same. When some of the Os are less 
than 1 we say that the density dependence is "weakened." When they are greater than 1 we 
say that the density dependence is "intensified." Of course, by those expressions we mean that 
comparison is being made with some "basic" experiment (as we shall do below) for which all Os 
are 1. The purpose is to see whether the ratios between the density sensitivities of the birth and 
death rates could be crucial for the change in the dynamical behavior of PF(t). The plots on 
Figure 4 correspond to experiments with the same parameters as in Figure 3 but with different 
Os. These are only a few of the numerous simulations we have carried out. The values of O n can 
be traced on Table 2. 
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Figure 4. Plots of the total PS population PF(t) against ime (in decades of days). 
Table 2. Values of the parameters O n used in the simulation experiments. 
Parameter Number of the experiment 
5 6 7 8 
OEF 1.0 1.0 1.0 1.0 
®r f  0.1 1.0 0.1 5.0 
OFa 1.0 0.1 1.0 0.1 
e 1.0 0.1 0.1 0.1 
However, the qualitative behaviour of P(IF) in all simulations remained almost unchanged and 
comparable with those on Figure 3. Some initial small amplitude oscillations appear when the 
ratio OFF/O grows, but they quickly die out consequently. 
Another set of experiments whose results are illustrated on Figure 5 tested the conjecture that 
some oscillations might appear if the ratio bfF/dF is great enough. This was confirmed but 
the oscillations die away rapidly again. The changed parameters for this set of experiments are 
presented in Table 3. 
The qualitative behavior of PF(t) in all the examples of this set, though having the same 
common characteristic features with those from the first set (A.) and exhibiting some damped 
oscillatory-like behavior, is not satisfactorily close to the real experimental population plots. 
C. Birth and death moduli depending on Q,(az,a2;t). 
Searching for solutions of equations (4.2) such that PF(t) should oscillate with an increasing 
amplitude or be periodic, we designed the third set of simulation experiments where 
b, 7 -- bn(a, QF(aZ, ~;  t)), dF = dF(a, QF(~Z, or2; t)) 
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Figure 5. Plots of the total PS population PF(t) against ime (in decades of days). 
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Table 3. 
Parameter Number of the experiment 
8 9 10 11 
XFF 3.54 18 180 300 
eEF  1 1 1 1 
OFF 5 10 10 0.5 
OFG 0.1 0.1 0.1 0.2 
O 0.1 0.1 0.1 0.2 
The results of an extensive treatment of the dependence of PF on the values of the two parameters 
or1 and ~2 are plotted on Figures 6-9. The results of these simulations are very intriguing, though 
not well understood. In the case when oscillatory behavior occurs, the dependence of the birth 
and death rates on QF instead of on PF probably plays the same role as the time delay in 
ordinary differential equations (see f.e. [38]). The parameters al and a2 most probably play the 
role of bifurcation parameters so that for some values, a Hopf bifurcation occurs. These are only 
conjectures that we are still far from proving. 
The system (4.2) was solved numerically, keeping all the parameters as shown in Table 1 
(Exps. 12-34) and varying only a 1 and a2. All of the experiments were solved repeatedly for 
several decreasing values of the discretization step h (h = 0.05, 0.02, 0.002). When varying h, the 
numerical solutions preserved their qualitative behavior changing slightly quantitatively. Thus 
we are inclined to assume that the observed oscillations are not due to numerical roundoff errors 
but reflect the properties of the exact solution. The plots on Figure 6 represent the dynamics of 
the total population PF(t) when al = 0 and ~2 varies from 0.25 to 2.8. 
Clearly, when the birth and death moduli depend only on that part of the population that is 
not older than ~2 -- 0.25 or a2 = 0.5 or ~2 = 1, the total population PF grows rather smoothly 
approaching a steady state. When a2 = 1.5, a2 = 2, ¢r2 = 2.8, PF has an oscillatory behavior, 
the oscillations dying away (most slowly when or2 = 2) and PF approaches a steady state. 
The results of the numerical simulations when ~1 = 0.5 are plotted in Figure 7. The same 
comments as for Figure 6 are valid here, too. However, the oscillations of P r  are very powerful 
(Exp. 20-21) and do not appear to die away with time. Computations with a small step h 
(h = 0.002 was the smallest step used) were too much time consuming to be carried out for a 
longer period. The graphs in Figure 7 resemble strongly the results of the biological experiments 
(Figures 1 and 2). Beside the zero PF up to the 10th day and the exponential growth afterwards 
the plots possess oscillations with growing amplitude. When ¢r 2 = 0.6, 0.1 and a2 -- 2., 2.5, there 
are either no oscillations or they die away. 
For a set of experiments where ~1 = 1 the values of PF(t) are plotted in Figure 8. The 
plots for ~2 = 1.1, 1.25, 2.2, 2.25 have a powerfully increasing oscillatory character (at least up 
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to time t = 40 decades of days). The oscillation amplitude is increasing until the occurrence of 
periodic-looking oscillations at a2 = 2.3. For a2 = 2.4 and a2 = 2.5 the oscillations die away 
with time. 
One could conjecture that in the vicinity of as -- 2.3 there is a point of Hopf bifurcation. But 
what are the biological reasons for this change of the solution behavior is difficult to explain. 
One could speculate that if the vital rates of the PS are dependent only on this part of the PS 
population, which is at age between 10 and 23 days, the total population umber is increasing 
with growing oscillations. When the population parameters depend on a larger age group, then 
the total population reaches a steady state in an oscillatory manner. We are not able so far to 
explain this behavior of the population dynamics. 
Exp.24 Exp.25 Exp.26 
II 
151 C -x -  80 0 -y -  800 135 0 -x -  40 O -¥ -  300 126 
a) b) 
| l  
0 -x -  40 0 -y -  150 
c) 
/ 
.24  
Exp.  27 
/ 
#36 
Exp.28 Exp.29 
/V~ ~j~ ~ . . . . .  ,A,,~ 
145 0 °x -  40 0 -y -  20 0 -x -  40 0 -y -  10 0 -x -  40 0 -y -  8 
a) e) f) 
/ 
146 
Exp.50  Exp.31 
,/r 
0 -x -  40 0 -y -  8 |3"I 0 -x -  40 0 -y -  6 
Figure 8. P lots of the total PS  populat ion PF(t) against t ime (in decades of days) 
for o'l ---- 1 and: (a) a2 = 1.1; (b) o'2 = 1.25 (c) a2 ---- 1.,5; (d) as = 2.2; (e) as = 2.25; 
(f) a2 = 2.3; (g) a2 = 2.4; (h) as = 2.5. 
The same phenomenon is observed when ¢1 = 1.5, a2 > 1.5 (Figure 9). 
A common feature of all results, shown in the figures, is that the beginning of the oscillations 
or of the stabilization starts earlier when ~2 - ~rl is greater, due to the stronger nonlinearity of 
the birth and death moduli in this case. 
In conclusion to this section we shall add that the numerical results concerning the density of 
the PrS  have mainly a predictive value as we do not have so far experimental results to compare 
with and will be published and commented elsewhere. 
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6. DISCUSSION 
The presented model of the development of parasite stages in a host is essentially based on 
the Gurtin-MacCamy model (4.1). The aim was to investigate numerically whether a model 
of this type (continuous, non-stochastic, without delay) could have solutions with properties 
qualitatively close to those of the real experiment and, possibly, to clarify the reasons for their 
occurrence. The results of the numerous numerical experiments, a part of which we presented 
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Figure 9. Plots of the total PS  population PF(t) against ime (in decades of days) 
for al  = 1.5 and: (a) a2 = 1.51; (b) a2 = 1.75; (c) a2 = 2.5. 
here lead to the following conjectures and questions: 
(c 0 The oscillatory behavior o.f the total population density may be due to the different impact 
the different age groups have on the fertility and the mortality of the whole population. 
A comparatively great ratio of the birth to the death modulus can lead to some rapidly 
dying out oscillations. The same result is observed if the ratio of the sensitivity of the 
birth rate to the sensitivity of the death rate toward the density factor is comparatively 
great. 
(fl) The model of Gurtin and MacCamy, when modified by inserting Q(~I, a2;t) instead of P 
in the death and birth moduli, has solutions with a sustained oscillatory behavior. The 
oscillations might probably be around a steady state P0. In this case there might exist al 
and ~2 such that (4.1) has a periodic solution. 
(7) It is not clear whether the Gurtin-MacCamy equation can have periodic or sustained 
oscillatory solutions if the birth and death moduli are both age- and density-dependent. 
Our numerical experiments do not give a confirmative answer. 
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